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Abstract
The energy density of the universe is proportional to the Ricci
scalar curvature in the dynamical Chern-Simon (CS) modified gravity.
In this paper, we consider the Amended Friedman-Robertson-Walker
(AFRW) universe and explore its scale factor and the Ricci Dark En-
ergy. THese turned out to be well-defined and definite. We compare
the scale factors of FRW [1], Generalized Chaplygin gas (GCG) [2]
and AFRW models graphically. The combined graph of these models
show that the behavior of both FRW and AFRW models is similar
as these overlap each other for choosing particular values of the in-
tegration constants. Also, we draw a combined graph of the Ricci
dark energy densities of FRW and AFRW models, in CS gravity, and
the energy density of GCG. It shows that the densities of former two
models are increasing with time while the energy density of GCG is
decreasing.
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1 Introduction
The observed current accelerated expansion of the universe [3]-[5] is an in-
teresting and perplexing problem that has become a serious challenge for
gravity theories. The astrophysical observations have provided the astonish-
ing result that around 95−96 percent of the content of the universe is in the
form of dark matter (DE) plus Dark Energy (DE), with only about 4−5 per-
cent being represented by byronic matter [6]. More intriguingly, around 70
percent of the energy-density is in the form of what is called ”Dark Energy”,
and is responsible for the acceleration of the distant type Ia supernovae [7].
Hence, today’s models of astrophysics and cosmology face two fundamental
problems, the DE problem and the dark matter problem, respectively. Al-
though, in recent years different suggestions have been proposed to overcome
these issues, a satisfactory answer has yet to be obtained. A very promising
way to explain the observational data is to assume that at large scales the
Einstein gravity model of general relativity (GR) breaks down and a more
general action describes the gravitational field.
Theoretical models in which the standard Einstein-Hilbert action was
modified by replacing the Ricci scalar R with f(R), an arbitrary function of
the Ricci scalar R, pioneerily proposed in [8]. Consequently, a considerable
efforts to modify gravity have been made in order to accommodate this large
distance observation. A promising extension of GR is Chern-Simons (CS)
modified gravity [9]-[11] in which the Einstein-Hilbert action is modified by
adding a parity-violating CS term which couples to gravity using scalar field.
It is interesting to note that the CS correction introduces parity violation
through a pure curvature term, as is usually considered in GR. In fact, CS
modified gravity can be obtained explicitly from superstring theory, where
the CS term in the Lagrangian density is essential due to the Green-Schwarz
anomaly-canceling mechanism, upon four-dimensional compactification [12].
Two formulations of CS modified gravity exist as independent theories,
namely, the nondynamical formulation and the dynamical formulation [11].
In the former case, the CS scalar is a prior prescribed function, where its
effective evolution equation reduces to a differential constraint on the space
of allowed solutions; in the latter case, the CS is treated as a dynamical field,
possessing an effective stress-energy tensor and an evolution equation.
The action of dynamical CS modified gravity consists of the Einstein-
Hilbert term plus the product of a scalar field and the Pontryagin density
(the contraction of the Riemann curvature tensor with its dual), plus the
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action for this scalar field or other matter fields or both. The correction
proportional to the Pontryagin density modifies the field equations for the
metric components by adding two extra terms to the Einstein field equations,
called C-tensor (C-tensor) and the stress-energy tensor for scalar field. The
C-tensor depends on derivatives of the CS scalar and the contraction of the
Levi-Civita tensor with covariant derivatives of the Ricci tensor and the dual
Riemann tensor. In addition, the variation of the action with respect to the
CS scalar field leads to an equation of motion for this field, which is sourced
by the Pontryagin density.
In literature, a number of DE models are available which have been built
on the holographic principle, known as holographic DE models [13], [14]. For
these models, the energy density of a given system is proportional to the
inverse square of characteristic length of the system [15]. Although, these
DE models exhibit the problem of fine tuning or coincidence problem. Chat-
topadhyay et al. [16] considered the modified and the extended holographic
Ricci DE models in fractal universe. They proved that the modified holo-
graphic dark energy density is decreasing with cosmic time and extended
holographic dark energy density is increasing with time.
Gao et al. [17] proposed a DE model whose characteristic length is the
average radius of the Ricci scalar, R
−1
2 . Thus, the Ricci DE density is pro-
portional to the Ricci scalar, i.e.,
ρx = − α
16π
R, (1)
where R represent Ricci scalar and α is a constant to be determined.
This paper is devoted to explore the Ricci DE of AFRW universe in the
frame work of CS modified gravity. Also, the graphical comparison of our
results with those of FRW and GCG models will be presented.
2 Dark Energy Model
The line element of AFRW universe is given by [18]
ds2 = −a2(t)c2dt2 + a2(t)[ 1
1− kr2dr
2 + r2(dθ2 + sin2 θdφ2)]. (2)
The Ricci scalar for this metric is evaluated as
R = −6( a¨
a3c2
+
k
a2
), (3)
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where a(t) represents scale factor and double dot is used for second order
derivative w.r.t. ”t”. Making use of Eq.(3) in Eq.(1), the Ricci DE density
turns out to be
ρx =
3α
8π
(
a¨
a3c2
+
k
a2
). (4)
Now, we discuss this Ricci DE model in the framework of dynamical CS
modified gravity. The action describing CS modified gravity theory is, given
as
S =
1
16πG
∫
d4x[
√−gR + l
64π
Θ ∗RR− 1
2
∂µΘ∂µΘ)] + Smat, (5)
where ∗RR is called Pontryagin term which is topological invariant, l is cou-
pling constant, Θ is dynamical variable, Smat is the action of matter. The
variation of action, given in Eq.(5), with respect to metric gµν and the scalar
field Θ give the following respective field equations in CS modified gravity
Gµν + lCµν = 8πGTµν , (6)
gµν∇µ∇νΘ = −
l
64π
∗RR, (7)
where Gµν is the Einstein tensor and Cµν is the C-tensor. The vanishing of
the C-tensor depends on the type of relation between the Ricci tensor and the
energy-momentum tensor of matter. A 3-dimensional space is conformally
flat if the Cotton tensor vanishes. If matter is present, the Ricci tensor is
related to the energy-momentum tensor of matter by means of the Einstein
field equations. Then the vanishing of the C-tensor imposes severe restric-
tions on the energy-momentum tensor. The C-tensor also plays an important
role in the context of the Hamiltonian formulation of GR. The C-tensor can
be written as
Cµν = − 1
2
√−g [υσǫ
σµαβ∇αRνβ +
1
2
υστ ǫ
σναβR
τµ
αβ ] + (µ←→ ν), (8)
where
υσ ≡ ∇σΘ, υστ ≡ ∇σ∇τΘ. (9)
Again from Eq.(7), the Pontryagin term is expressed as
∗RR = ∗Ra b
cd Rb acd, (10)
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where Rb acd is the Riemann tensor and
∗Ra b
cd is the dual Riemann tensor
defined as
∗Ra b
cd =
1
2
ǫcdefRa bef . (11)
The energy-momentum tensor Tµν is divided into two parts such that
Tµν = T
RDE
µν + T
Θ
µν , (12)
where TΘµν is the energy-momentum tensor associated with the scalar field Θ
defined as
TΘµν = (∇µΘ)(∇νΘ)−
1
2
gµν(∇λΘ)(∇λ) (13)
and TRDEµν is energy-momentum tensor of Ricci DE represented by
TRDEµν = (ρx + px)UµUν + pxgµν . (14)
The term ρx is the Ricci dark energy density, px is the pressure of the DE
and Uµ = (1, 0, 0, 0) is the four velocity. The 00 component of Eq.(6) gives
G00 + lC00 = 8πG(T
RDE
00
+ TΘ
00
). (15)
For the metric, given in Eq.(2), we evaluate the following required quantities
as
G00 = −3(
a˙2
a2
+ kc2), (16)
C00 = 0, (17)
TRDE00 = ρx =
3α
8π
(
a¨
a3c2
+
k
a2
), (18)
TΘ
00
=
1
2
Θ˙2. (19)
From the field equation associated with the scalar field, the Pontryagin term
∗RR is zero for the given metric, thus we get
gµν∇µ∇νΘ = gµν [∂µ∂νΘ− Γλ µν∂λΘ] = 0. (20)
After evaluating the Christoffel symbols for the metric (2), we use these values
in last equation and have the following second order differential equation
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Θ¨ + 4
a˙
a
Θ˙ = 0, (21)
which yields the solution, given as
Θ˙ = Ka−4, (22)
where K is constant of integration. When we make use of all values in
Eq.(15), we arrive at
a˙2
a2
+ kc2 = −[αG( a¨
a3c2
+
k
a2
) +
4
3
πGK2a−8]. (23)
Using the gravitational units c = G = 1, the last equation takes the form
a˙2
a2
+ k = −[α( a¨
a3
+
k
a2
) +
4
3
πK2a−8]. (24)
Now, we consider the flat AFRW universe, i.e., k = 0, the last equation
becomes
a˙2
a2
= −[α a¨
a3
+
4
3
πK2a−8]. (25)
Putting β = 4
3
πK2, we have
α
a¨
a3
+
a˙2
a2
+ βa−8 = 0. (26)
To find scale factor a(t), we make the following substitutions
u(a) =
da
dt
⇒ udu
da
=
d2a
dt2
. (27)
Using Eq.(27) in Eq.(26), we obtain
u
du
da
+
a
α
u2 +
β
α
a−5 = 0. (28)
Again the substitution
u2(a) = V (a) ⇒ u(a)du
da
=
1
2
dV
da
(29)
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makes Eq.(28) more tranquil, given as
dV
da
+
2a
α
V = −2β
α
a−5. (30)
It is a linear ordinary differential equation and its straightforward solution
can be written, in term of V (a), as
V (a) =
β
2α
1
a4
. (31)
On backward substitution in Eq.(29) and then in Eq.(27), we obtain
u(a) =
da
dt
=
√
β
2α
1
a2
. (32)
Solving this differential equation by using separation of variables method,
the scale factor a(t) is explored as
a(t) = [
√
β
2α
3t+ C0]
1
3 , (33)
where C0 is constant of integration. Putting the value of β =
4
3
πK2 and
using α ≃ 1
2
as found in [19], the last equation takes the form
a(t) = [2
√
3πKt + C0]
1
3 . (34)
Using this value of scale factor in Eq.(4), we obtain the Ricci DE as
ρx = −
K2
2
[2
√
3πKt + C0]
−
8
3 . (35)
3 Discussion
This paper is devoted to explore the Ricci DE of AFRW universe in the
framework of CS modified gravity by finding the scale factor. It turned out
to be well-defined and definite. Further, the graphical comparison of the
Ricci DEs as well as the scale factors among GCG, FRW and AFRW models
are presented.
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The scale factors of FRW [1] and the GCG [2] models are respectively,
given as
a(t) = (
2β
3c1
)
1
6 sinh
1
3 (3
√
c1t), (36)
a(t) = a0 sinh
2
3
√
6πAt, (37)
where β = 4piC
2
3
. We allocate the following values to the different parameters
involving in Eq.(34), Eq.(36) and Eq.(37)
K =
1
70
, C0 =
1
500
, C =
√
3
100
, c1 =
1
500
, a0 = 1, A = (
1
35
)2. (38)
Now, we plot a graph of the scale factors given in Eq.(34), Eq.(36) and
Eq.(37). The combined graph, for three different cases, is distinguished as
FRW (yellow line), AFRW (black line) and GCG (Red line) in figure (1).
The graphical comparison shows that our result match exactly with that of
FRW for particular choice of the constant of integration, involving in their
respective scale factors.
Figure 1: Scale factors of AFRW, FRW and GCG
.
The authors [1] argued that the results obtained for flat FRW model, in
CS gravity, are similar to those of GCG, available in literature [2]. Myung
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[20] commented that the Ricci DE in CS modified gravity reduces to Ricci DE
with a minimally coupled scalar, The similarity between FRW universe and
GCG is limited to the de Sitter phase derived by the cosmological constant
in the future. Thus, the same conclusion will be true for the case of AFRW
model, as the results of AFRW are similar to those of FRW model.
The Ricci DE density of FRW [1] and the energy density of GCG [2]
models are given as
ρx = −c2(
1
9
coth2 3
√
c1t +
1
3
), (39)
ρ(t) = A coth2(
√
6πGAt). (40)
For the following particular values of the parameters involving in Eqs.(35),
(39) and (40)
A =
1√
2
, G = 1, K =
1
12
, C0 =
1
500
, c1 =
1√
7
, c2 =
1
9
(41)
the graph among three densities is plotted as
Figure 2: Density graph of AFRW (yellow line), FRW (black line) and GCG
(Red line)
.
This graph shows that the Ricci DE density for both FRW and AFRW
models, in CS gravity, increases with time while the energy density of GCG
decreases.
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